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ON THE NON-TRIVIALITY OF THE p-ADIC ABEL–JACOBI IMAGE OF
GENERALISED HEEGNER CYCLES MODULO p,
I: MODULAR CURVES
ASHAY A. BURUNGALE
Abstract. Generalised Heegner cycles are associated with a pair of an elliptic newform and a Hecke char-
acter over an imaginary quadratic extension K/Q. Let p be an odd prime split in K/Q and ℓ 6= p an odd
unramiﬁed prime. We prove the non-triviality of the p-adic Abel–Jacobi image of generalised Heegner cycles
modulo p over the Zℓ-anticylotomic extension of K. The result is an evidence for the reﬁned Bloch–Beilinson
and the Bloch–Kato conjecture. In the case of weight two and ℓ an ordinary prime, it provides a non-trivial
reﬁnement of the results of Cornut and Vatsal on Mazur’s conjecture regarding the non-triviality of Heegner
points over the Zℓ-anticylotomic extension of K. In the case of weight two and ℓ a supersingular prime, it
settles Mazur’s conjecture earlier known just for ℓ ordinary.
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1. Introduction
One expects the existence of a commutative p-adic L-function Lp(M) associated to a p-ordinary critical motive
M over a tower of number ﬁelds with the Galois group being a commutative p-adic Lie group Γ, characterised
by an interpolation of the p-stabilised critical L-values of M twisted by a dense subset of characters of Γ.
Certain values of the p-adic L-function outside the range of interpolation are expected to encode deep p-adic
arithmetic information regarding M. One can ask for the non-triviality of the value of Lp(M⊗ ν) at a ﬁxed
character outside the range of interpolation, as ν varies over a family of ℓ-power conductor characters for a
prime ℓ 6= p. If one has a strategy of approaching the non-triviality of critical L-values of M twisted by ν as
ν varies, it might apply for the former non-triviality as well.
Based on the classical Waldspurger formula (cf. [45]), an anticyclotomic p-adic L-function associated with
a Rankin–Selberg convolution of an elliptic modular form and a theta series is constructed in [2], [6] and
[28]. In [2], values of the p-adic L-function at certain characters outside the range of interpolation are shown
to be related to the p-adic Abel–Jacobi image of generalised Heegner cycles associated to the convolution.
This can be considered as a p-adic Waldspurger formula (cf. [31]). The construction of the cycle is due to
Bertolini–Darmon–Prasanna and generalises the one of classical Heegner cycles due to Schoen and Nekovář.
The cycle lives in a middle dimensional Chow group of a ﬁber product of a Kuga–Sato variety arising from
a modular curve and a self-product of a CM elliptic curve. In the case of weight two, the cycle coincides
with a Heegner point. Based on Hida’s strategy, non-triviality of Rankin–Selberg L-values of the l-power
conductor anticyclotomic character twists modulo p is shown in [7] and [28]. In this article, we use the strat-
egy to study non-triviality of the p-adic Abel-Jacobi image of generalised Heegner cycles modulo p over the
Zl-anticyclotomic extension. The non-triviality can be seen as an evidence for the Bloch–Beilinson and the
Bloch–Kato conjecture as follows. In the setup, the Rankin–Selberg convolution is self-dual with root number
−1. Accordingly, the Bloch–Beilinson conjecture predicts the existence of a non-torsion null-homologous cycle
in the Chow realisation. In the setup, a natural candidate for a non-trivial null-homologous cycle is the gen-
eralised Heegner cycle. For a prime p, the Bloch–Kato conjecture implies the non-triviality of the p-adic étale
Abel–Jacobi image of the cycle. A natural question is to further investigate the non-triviality of the p-adic
Abel–Jacobi image of the cycle.
In the introduction, for simplicity we mostly restrict to the case of Heegner points.
Let Q be an algebraic closure of Q. We ﬁx two embeddings ι∞ : Q → C and ιp : Q → Cp for a prime
p. Let vp be the p-adic valuation induced by ιp so that vp(p) = 1. Let mp be the maximal ideal of Zp. Unless
otherwise stated, we suppose p > 3.
Let K/Q be an imaginary quadratic extension and O the ring of integers. Let −dK be the discriminant.
As K is a subﬁeld of the complex numbers, we regard it as a subﬁeld of the algebraic closure Q via the
embedding ι∞. Let GK be the absolute Galois group Gal(Q/K). Let c be the complex conjugation on C
which induces the unique non-trivial element of Gal(K/Q) via ι∞. We assume the following:
(ord) p splits in K.
Let p be a prime above p in K induced by the p-adic embedding ιp. For an integral ideal n of K, we ﬁx
a decomposition n = n+n− where n+ (resp. n−) is only divisible by split (resp. ramiﬁed or inert) primes in
K/Q. For a positive integer m, let Hm be the ring class ﬁeld of K with conductor m and Om = Z+mO the
corresponding order. Let H be the Hilbert class ﬁeld.
Let N be a positive integer such that p ∤ N . For k ≥ 2, let Sk(Γ0(N), ǫ) be the space of elliptic cusp
forms of weight k, level Γ0(N) and neben-character ǫ. Let f ∈ S2(Γ0(N), ǫ) be a normalised newform. In
particular, it is a Hecke eigenform with respect to all Hecke operators. Let Nǫ|N be the conductor of ǫ. Let Ef
be the Hecke ﬁeld of f and OEf the ring of integers. Let Zf be the order generated by the Hecke eigenvalues.
Let P be a prime above p in Ef induced by the p-adic embedding ιp. Let ρf : Gal(Q/Q)→ GL2(OEf,P) be
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the corresponding p-adic Galois representation.
We assume the following generalised Heegner hypothesis:
(Hg) The integer ring O contains an ideal N of norm N such that there exists an isomorphism
O/N ≃ Z/NZ.
From now, we ﬁx such an ideal N. Let Nǫ|N be the unique ideal of norm Nǫ. In view of (Hg), note that N−
is only divisible by ramiﬁed primes in K.
Let N denote the norm Hecke character over Q and NK := N ◦ NKQ the norm Hecke character over K.
For a Hecke character λ over K, let fλ (resp. ǫλ) denote its conductor (resp. the restriction λ|A×
Q
, where AQ
denotes the adele ring over Q). We say that λ is central critical for f if it is of inﬁnity type (j1, j2) with
j1 + j2 = 2 and ǫλ = ǫN
2.
Let b be a positive integer prime to pN . Let Σcc(b,N, ǫ) be the set of Hecke characters λ such that:
(C1) λ is central critical for f ,
(C2) fλ = b ·Nǫ and
(C3) we have ǫq(f, λ
−1) = 1 for ǫq(f, λ
−1) the local root number corresponding to Rankin–Selberg convolution
of the pair (f, λ−1) for all ﬁnite primes q.
Here we use the subscript ‘cc’ as the complex L-function L(s, f × λ) corresponding to the Rankin–Selberg
convolution arising from the pair (f, λ) has s = 1 as a central-critical point.
Let χ be a ﬁnite order Hecke character such that χNK ∈ Σcc(b,N, ǫ). In view of hypothesis (C3), we
have
ǫ(f, χ−1) = −1
for the global root number ǫ(f, χ−1) of the Rankin–Selberg convolution. Let Ef,χ be the ﬁnite extension of
Ef obtained by adjoining the values of χ.
Let X1(N) be the modular curve of level Γ1(N), ∞ the standard cusp i∞ of X1(N) and J1(N) the cor-
responding Jacobian. Let Bf be an abelian variety associated to f by the Eichler–Shimura correspondence
and Φf : J1(N)→ Bf the associated surjective morphism. Up to isogeny, the uniqueness of the abelian variety
follows from the assumption that f is a newform. By possibly replacing Bf with an isogenous abelian variety,
we suppose that Bf has endomorphisms by the order Zf . Let ωf be the diﬀerential form on X1(N) corre-
sponding to f . We use the same notation for the corresponding 1-form on J1(N). Let ωBf ∈ Ω1(Bf/Ef )Zf
be the unique 1-form such that Φ∗f (ωBf ) = ωf . Here Ω
1(Bf/Ef )
Zf denotes the subspace of 1-forms given by
Ω1(Bf/Ef )
Zf =
{
ω ∈ Ω1(Bf/Ef )|[λ]∗ω = λω, ∀λ ∈ Zf
}
.
Recall that b is a positive integer prime to N . Let Ab be an elliptic curve with endomorphism ring Ob = Z+bO,
deﬁned over the ring class ﬁeld Hb. Let t be a generator of Ab[N]. We thus obtain a point xb = (Ab, Ab[N], t) ∈
X1(N)(HbN ). Let∆b = [Ab, Ab[N], t]−(∞) ∈ J1(N)(HbN ) be the corresponding Heegner point on the modular
Jacobian. We regard χ as a character χ : Gal(HbN/K) → Ef,χ. Let Hχ be the abelian extension of K cut
out by the character χ. To the pair (f, χ), we associate the Heegner point Pf (χ) given by
(1.1) Pf (χ) =
∑
σ∈Gal(HbN/K)
χ−1(σ)Φf (∆
σ
b ) ∈ Bf (Hχ)⊗Zf Ef,χ.
To consider the non-triviality of the Heegner points Pf (χ) as χ varies, we can consider the non-triviality of the
corresponding p-adic formal group logarithm. The restriction of the p-adic logarithm gives a homomorphism
logωBf
: Bf (Hχ)→ Cp.
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We extend it to Bf (Hχ)⊗Zf Ef,χ by Ef,χ-linearity.
We now ﬁx a ﬁnite order Hecke character η such that ηNK ∈ Σcc(c,N, ǫ), for some c. Such an η indeed
exists for a suﬃciently large integer c ([14, §2.5]). For v|c−, let ∆η,v be the ﬁnite group η(O×Kv ). Here OKv
denotes the integer ring of the local ﬁeld Kv. Let ℓ 6= p be an odd prime unramiﬁed in K and prime to cN .
Let HcNℓ∞ =
⋃
n≥0HcNℓn . Let Gn = Gal(HcNℓn/K) and Γℓ = lim←−Gn. Let Xℓ denote the set of ℓ-power
order anticyclotomic characters of Γℓ. As ν ∈ Xℓ varies, the global root number ǫ(f, η−1ν−1) still equals
−1. We consider the earlier setup of Heegner points with λ being ην. A basic question may then be the
mod p non-triviality of Heegner points Pf (ην). It is in turn closely related to p-indivisibility of corresponding
normalised p-adic logarithms.
Our result is the following.
Theorem A. Let p be an odd prime and N a positive integer such that p ∤ N . Let K be an imaginary qua-
dratic ﬁeld satisfying (ord) and (Hg) with p a prime above p determined via an initial embedding ιp : Q →֒ Cp.
Let f ∈ S2(Γ0(N), ǫ) be a normalised newform with Tp-eigenvalue ap(f) and η a ﬁnite order Hecke character
such that ηNK ∈ Σcc(c,N, ǫ) for an integer c prime to pN . Suppose the following holds.
(1). The residual representation ρf |GK mod mp is absolutely irreducible,
(2). N− is square-free and
(3). p ∤
∏
v|c− |∆η,v| for ∆η,v the ﬁnite group η(O×Kv ).
Let ℓ 6= p be an odd prime unramiﬁed in K and prime to cN . Let Xℓ be the set of ℓ-power order anti-
cyclotomic Hecke characters over K as above. Then, for all but ﬁnitely many ν ∈ Xℓ we have
vp
(E(f, ην) logωBf (Pf (ην))) = 0.
Here E(f, ην) = 1− (ην)−1(p)ap(f)p−1 + (ην)−2(p)ǫ(p)p−1.
We have the following immediate corollary.
Corollary A. Let f ∈ S2(Γ0(N), ǫ) be a normalised newform and η a ﬁnite order Hecke character such
that ηNK ∈ Σcc(c,N, ǫ) for an integer c prime to pN . In addition to (Hg), suppose that
(1). f does not have CM over K and
(2). N− is square-free.
Then, for all but ﬁnitely many ν ∈ Xℓ the Heegner points Pf (ην) are non-zero in Bf (Hην)⊗Zf Ef,ην .
Proof. It suﬃces to show the existence of a prime p satisfying the hypotheses of Theorem A. In view of
(1), the existence follows.

For analogous non-triviality of the p-adic Abel–Jacobi image of generalised Heegner cycles modulo p, we refer
to §4.3 (cf. Theorem 4.6).
We now describe strategy of the proof. Some of the notation used here is not followed in the rest of the
article. Our approach is based on a strategy of Hida. To slightly strengthen the strategy, we ﬁrst deﬁne
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anticyclotomic toric periods Pg,λ(ν, n) associated to a pair (g, λ). Here g is a p-adic elliptic modular form,
λ a Hecke character and ν a Hecke character as above factoring through Gn. We then state a non-triviality
theorem providing a criterion for non-triviality of the toric periods modulo p as long as g is a p-integral
nearly holomorphic elliptic modular form deﬁned over a number ﬁeld. The criterion involves non-triviality
of a certain toric form associated to the pair modulo p. The theorem follows from Hida’s proof of the non-
triviality of an anticyclotomic modular measure modulo p in [21]. The latter is based on Chai’s theory of
Hecke stable subvarieties of a mod p Shimura variety (cf. [19]). Let d be the Katz p-adic diﬀerential operator
and f (p) the p-depletion of f . For the pair (d−1(f (p)), η), the toric period Pd−1(f(p)),η(ν, n) essentially equals
logωBf
(Pf (ην))/p. This is essentially the p-adic Waldspurger formula due to Bertolini–Darmon–Prasanna. As
d−1(f (p)) is a weight zero p-adic elliptic modular form, the non-triviality theorem does not directly apply.
However, we show that there exists a pair (h, χ) such that its toric periods are congruent modulo p to the
toric periods of interest and the non-triviality theorem also applies. The nearly holomorphic elliptic modular
form h is an iterated image under the p-adic diﬀerential operator of f and the congruence is a rather simple
consequence of the q-expansion principle. Based on computation of Fourier coeﬃcients in [28] for toric modular
forms, we verify the criterion in the non-triviality theorem for the pair (h, χ). The hypotheses (1) and (2)
guarantee non-triviality of an underlying toric form modulo p.
We would like to emphasise that the approach to non-triviality of arithmetic invariants modulo p due to
Hida ([21]) and an automorphic computation due to Hsieh ([28]) play an essential role in the strategy after
commencing with p-adic Waldspurger formula due to Bertolini–Darmon–Prasanna ([2]).
We would like to remark that neither L-values nor p-adic L-functions appear explicitly in the statement
or the proof of Theorem A. The above strategy can be also used to prove the non-triviality of the p-adic for-
mal group logarithm arising from toric forms in [28] of the Heegner points on the modular Jacobian modulo p .
Without the hypotheses (1) and (2), Corollary A was conjectured by Mazur (cf. [32]). Under classical Heeg-
ner hypotheses and ℓ an ordinary prime, the conjecture was independently proven by Cornut and Vatsal for
(cf. [15], [42], [43] and also [16]). For a related work of Aﬂalo–Nekovář, we refer to [1]. As far as we know,
Corollary A is a ﬁrst result regarding Mazur’s conjecture in the case ℓ a supersingular prime. The earlier
results also did not allow the generalised Heegner hypotheses (Hg). Our approach fundamentally diﬀers from
the one in [15] and [42]. In particular, it uniformly treats the ordinary and supersingular case. It seems
suggestive to compare our approach with the earlier ones. Here we only mention the following and invite the
reader to further analogies (or refer to [10]). In [43], Jochnowitz congruence is a starting point. It reduces the
non-triviality of the Heegner points to the non-triviality of the Gross points on a suitable deﬁnite Shimura
“variety". This in turn is studied via Ratner’s theorem. In this article, the non-triviality is based on the
modular curve itself. As indicated above, it relies on Chai’s theory of Hecke stable subvarieties of a mod p
Shimura variety. In particular, the result of Cornut and Vatsal now ﬁts in a framework due to Hida (cf. [21]).
An expectation along these lines was expressed in [44]. Before the p-adic Waldspurger formula, the result
and the framework appeared to be complementary. The formula also allows a rather smooth transition to the
higher weight case as well.
As far as we know, Theorem A is a ﬁrst general result result regarding the non-triviality of the p-adic formal
group logarithm of Heegner points modulo p. A related modulo p non-triviality is also considered in [43]. As
[43] treats the case when p is inert in K, our result is complementary.
As far as we know, higher weight analogue of Theorem A is a ﬁrst general result regarding the non-triviality
of the p-adic Abel–Jacobi image of generalised Heegner cycles. The only known result seems to be the
non-triviality of several examples of such families in [4]. Howard proved a result towards an analogue of non-
triviality of the étale Abel–Jacobi image of classical Heegner cycles in [26].
Theorem A and its higher weight analogue have various arithmetic applications besides the Bloch–Beilinson
and the Bloch–Kato conjecture. Consequences for the p-indivisibility of Heegner points when f is p-ordinary
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and the reﬁned Bloch–Beilinson conjecture are described in §5 and the remark (1) following Theorem 4.6,
respectively. The latter builds on a consideration in [4]. The non-triviality also implies that the Griﬃths
group of the ﬁber product of a Kuga–Sato variety arising from the Modular curve and a self-product of a CM
elliptic curve has inﬁnite rank over the anticyclotomic extension. Arithmetic consequences of Corollary A are
well documented in the literature, for example [15] and [43].
In [11], we prove an analogue of the results for Shimura curves over the rationals in the case ℓ = p. Re-
cently, the p-adic Waldspurger formula has been generalised to modular forms on Shimura curves over a
totally real ﬁeld (cf. [31]).
The article is perhaps a follow up to the articles [2] and [21]. We refer to them for a general introduc-
tion. For a survey, we refer to [10]. For non-triviality based on Zariski density of CM points in characteristic
p or zero, we refer to [9], [12] and [13].
The article is organised as follows. In §2, we recall certain generalities about modular curves and modu-
lar forms. In §3, we describe underlying results regarding mod p non-triviality of the anticyclotomic toric
periods. In §3.1, we ﬁrstly describe the notion of anticyclotomic toric periods associated to a class of modular
forms and then discuss their non-triviality based on a linear independence due to Hida. In §3.2, we describe the
linear independence of mod p modular forms arising from Chai’s theory of Hecke-stable subvarieties of a mod
p Shimura variety. In §4, we prove non-triviality of generalised Heegner cycles modulo p. For simplicity, we
treat the case of Heegner points individually. In §4.1, we ﬁrst state the p-adic Waldspurger formula and then
prove Theorem A. In §4.2, we describe generalities regarding generalised Heegner cycles and state conjectures
regarding their non-triviality. In §4.3, we prove the non-triviality of the p-adic Abel–Jacobi image of gener-
alised Heegner cycles modulo p. In §5, we deduce p-indivisibility of Heegner points based on the main result
in §4.1. In the appendix, we describe generalities regarding toric modular forms which is a key automorphic
ingredient in the non-vanishing.
Acknowledgments. We are grateful to our advisor Haruzo Hida for persistent guidance and encouragement.
During the preparation of the ﬁrst draft, the author was a graduate student in UCLA. We are grateful to
friends back then for the distinctive atmosphere.
We thank Ming-Lun Hsieh for numerous instructive comments on the previous versions of the article and
also for his assistance. We thank Francesc Castella for helpful conversations, particularly regarding the p-adic
Waldspurger formula. We thank Barry Mazur, Dinakar Ramakrishnan, Christopher Skinner and Burt Totaro
for instructive comments and encouragement. We also thank Miljan Brakocevic, Brian Conrad, Henri Darmon,
Samit Dasgupta, Chandrashekhar Khare, Jan Nekovář, Ye Tian, Vinayak Vatsal, Kevin Ventullo and Xinyi
Yuan for helpful conversations about the topic.
Finally, we are indebted to the referee. The current form of the article owes much to the detailed comments
and suggestions of the referee.
Notation We use the following notation unless otherwise stated.
For a number ﬁeld L, let OL be the ring of integers, AL the adele ring, AL,f the ﬁnite adeles and A()L,f
the ﬁnite adeles away from a ﬁnite set of places  of L. Let hL be the set of ﬁnite places of L and h = hQ. Let
A denote the adeles over Q. For a fractional ideal a, let â = a⊗Z Ẑ. For a ∈ L, let ilL(a) = a(OL ⊗Z Ẑ) ∩ L.
Let GL be the absolute Galois group of L and G
ab
L the maximal abelian quotient. Let recL : A
×
L → GabL be
the geometrically normalized reciprocity law.
We refer to an elliptic modular form as a modular form. For a modular form g, let its Fourier expansion
g(q) at a cusp c be given by
g(q) =
∑
n≥0
an(g, c)q
n.
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For a positive integer n, let µn denote the set of primitive n
th-roots of unity in an algebraically closed ﬁeld
(as relevant).
For S ⊂ T , let IS : T → {0, 1} denote the indicator function of S.
2. Modular curves and modular forms
In this section, we recall certain generalities regarding modular curves and modular forms.
2.1. Modular curves. In this subsection, we recall certain generalities regarding modular curves.
In regards to the article, the section is preliminary. It brieﬂy recalls the geometric theory of modular curves,
p-ordinary Igusa tower and CM points on them.
2.1.1. Setup. In this subsection, we recall a basic setup regarding modular curves. We refer to [21, §2.2] and
[27, §2.1] for details.
Let G = GL2/Z and X(≃ (C − R)) the corresponding Hermitian symmetric domain. The pair gives rise
to a tower (ShK = ShK(G,X))K of quasi-projective smooth curves over Q indexed by open compact sub-
groups K of G(AQ,f ). The pro-algebraic variety Sh/Q is the projective limit of these curves. The complex
points of the varieties are given as follows
(2.1) ShK(C) = G(Q)\X ×G(AQ,f )/K, Sh(C) = G(Q)\X ×G(AQ,f )/Z(Q).
Here Z(Q) is the closure of the center Z(Q) in G(AQ,f ) under the adelic topology.
Let us introduce some notation. Consider V = Q2 as a two dimensional vector space over Q. Let e1 = (1, 0)
and e2 = (0, 1). Let 〈., .〉 : V × V → Q be the Q-bilinear pairing deﬁned by 〈e1, e2〉 = 1. Let L = Ze1 ⊕Z Ze2
be the standard lattice in V. For g ∈ G(Q), g′ := det(g)g−1 and consider the left action gx := xg′ with x ∈ V .
Let N be a positive integer, h the set of ﬁnite places of Q as above and v ∈ h. Let
U(N) =
{
g ∈ G(AQ,f )
∣∣g ≡ 1mod NL},K0v =
{
g ∈ GL2(Qv)
∣∣g(L ⊗Z Zv) = L⊗Z Zv}.
Let p be an odd prime. From now on, we consider only the decomposable open compact subgroupsK =
∏
vKv
of G(AQ,f ) for which Kp equals K
0
p and U(N) ⊂ K, for some prime-to-p integer N . For a prime ℓ and a
non-negative integer n, let
K0(ℓ) =
{
g ∈ K
∣∣e2g ∈ Ze2mod ℓL},Kn1 =
{
g ∈ K
∣∣g ≡ (1 ∗
0 1
)
mod pn
}
.
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2.1.2. p-integral model. In this subsection, we brieﬂy recall generalities about a canonical p-integral smooth
model of a modular curve. The description underlies the p-integral structure on the space of elliptic modular
forms. We refer to [22, §4.2] for details.
Let the notation and hypotheses be as in the introduction and §2.1. Modular Shimura variety Sh/Q repre-
sents a functor classifying elliptic curves along with additional structure (cf. [22, §4.2] and [38]). A p-integral
interpretation of the functor leads to a p-integral smooth model of Sh/G(Zp)/Q. The p-integral interpretation
is given by
G(p) : SCH/Z(p) → SETS
(2.2) S 7→ {(A, η(p))/S}/ ∼ .
Here,
(PM1) A is an elliptic curve over S.
(PM2) Let T (p)(A) be the prime-to-p Tate module lim←−p∤N A[N ]. η
(p) is a prime-to-p level structure given by
a Z-linear isomorphism η(p) : Z2 ⊗Z Ẑ(p) ≃ T (p)(A), where Ẑ(p) =
∏
l 6=p Zl.
The notation ∼ denotes up to a prime-to-p isogeny.
Theorem 2.1 (Deligne–Rapoport). The functor G(p) is represented by a smooth pro-algebraic scheme Sh(p)/Z(p) .
Moreover, there exists an isomorphism given by
Sh(p) ×Q ≃ Sh/G(Zp)/Q.
(cf. [22, §4.2.1]).
Let g ∈ G(A(p)Q,f ) act on Sh(p)/Z(p) via
(2.3) x = (A, η(p)) 7→ gx = (A, η(p) ◦ g).
For a suﬃciently small K, we have the corresponding level-K(p) Shimura variety Sh
(p)
K/Z(p)
. For the mod-
uli interpretation, we consider the functor G(p)K essentially as above with the level K(p)-structure instead of
the hypothesis (PM2) (cf. [22, §4]).
For geometrically irreducible schemes Sh
(p)
K/Z(p)
(c), we have
(2.4) Sh
(p)
K =
⊔
[c]∈Cl+
Q
(K)
Sh
(p)
K (c).
Here Cl+Q(K) is the narrow ray class group of Q with level det(K).
2.1.3. Igusa tower. In this subsection, we brieﬂy recall the notion of p-ordinary Igusa tower over the p-integral
modular Shimura variety. The Igusa tower underlies the geometric theory of p-adic modular forms. We refer
to [22, Ch. 8] for details.
Let the notation and hypotheses be as in the introduction and §2.1.2. In particular, W is the strict Henseli-
sation inside Q of the local ring of Z(p) corresponding to ιp, W (F) the Witt ring and F the residue ﬁeld of W .
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Let Sh
(p)
/W = Sh
(p)(G,X)×Z(p) W and Sh(p)/F = Sh
(p)
/W ×W F.
From now, let Sh (resp. ShK) denote Sh
(p)
/W or Sh
(p)
/F (resp. Sh
(p)
K/W or Sh
(p)
K/F). Unless otherwise stated,
the base would be evident from the context. Let A be the universal elliptic curve over Sh.
Let Shord be the subscheme of Sh on which the Hasse-invariant does not vanish. It is an open dense sub-
scheme. Over Shord, the connected part A[pm]◦ of A[pm] is étale-locally isomorhpic to µpm . We now deﬁne
the Igusa tower. For m ∈ N, the mth-layer of the Igusa tower over Shord is deﬁned by
(2.5) Igm = IsomZp(µpm ,A[pm]◦).
Note that the projection πm : Igm → Shord is ﬁnite and étale. The full Igusa tower over Shord is deﬁned by
(2.6) Ig = Ig∞ = lim←− Igm = IsomZp(µp∞ ,A[p
∞]◦).
(E´t) Note that the projection π : Ig → Shord is étale.
Let V be an irreducible component of Sh and V ord denote V ∩ Shord. Let I be the inverse image of V ord
under π. In [22, Ch.8] and [24], it has been shown that
(Ir) I is an irreducible component of Ig.
For c and K as above, we can analogously deﬁne the p-ordinary Igusa tower IgK(c) over level-K
(p) Shimura
variety Sh
(p)
K (c).
2.1.4. CM points. In this subsection, we brieﬂy recall some notation regarding CM points on the Igusa tower.
The notion is originally due to Shimura and underlies the theory of Shimura varieties. We refer to [39] for
details.
Let the notation and hypotheses be as in the introduction and §2.1.3. In particular, K/Q is a p-ordinary
CM quadratic extension. Let {1, ω} be a Z-basis of OK . Let a ⊂ OK be a lattice. Let
R(a) =
{
α ∈ OK
∣∣αa ⊂ a}
be the corresponding order of K and f(a) ⊂ Z the corresponding conductor ideal. Recall that R(a) =
Z+ f(a)OK .
Let Σ be a p-ordinary CM type of K i.e. an embedding ι∞ : K →֒ C. By CM theory of Shimura–Taniyama–
Weil (cf. [39]), the complex torus X(a)(C) = C/Σ(a) is algebraisable to a CM elliptic curve with CM type
(K,Σ). Here Σ(a) =
{
ι∞(a)|a ∈ a
}
. When the conductor f(a) is prime-to-p, the elliptic curve X(a) extends
to an elliptic curve overW . We denote it by X(a)/W . In this case, a construction of a pair (η(p)(a), ηordp (a))/W
satisfying (PM2) and §2.1.3 is given in [27, §3.3]. By deﬁnition, this gives rise to a CM point
x(a) = (X(a), η(p)(a), ηordp (a)) ∈ Ig(W ).
2.1.5. Tate objects. In this subsection, we brieﬂy recall some notation regarding Tate objects on the modular
curves. They naturally arise from the construction of compactiﬁcation of the modular curves. In turn, they give
rise to the key notion of q-expansion of elliptic modular forms. We refer to [30, §1.1] and [22, §4.1.5] for details.
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Let the notation and hypotheses be as in the introduction and §2.1.3. Let L be a lattice in Q, n a posi-
tive integer, Ln =
{
x ∈ L|x > −n} and A((L)) = lim−→AJLnK. Pick two fractional ideals a, b of Q prime-to-p.
To this pair, Tate associated a certain ellipitic curve Tatea,b(q)/Z((ab)). Formally, Tatea,b(q) = a
∗ ⊗Z Gm/qb
for a∗ = a−1. It is endowed with a canonical prime-to-p level structure η
(p)
can, p∞-level structure ηordp,can and a
generator ωcan of ΩTatea,b(q). We thus obtain a Tate object
x(Tatea,b(q)) = (Tatea,b(q), η
(p)
can, η
ord
p,can).
2.2. Modular forms. In this section, we recall certain generalities about elliptic modular forms including
the adelic notion.
2.2.1. Classical modular forms. In this subsection, we recall the notion of classical modular forms. We refer
to [22, §4.2] and [27, §2.5] for details.
Geometric deﬁnition. We ﬁrst recall the geometric deﬁnition of classical modular forms.
Let the notation and assumptions be as in §2.1. Let k be a positive integer and R a Z(p)-algebra. Let T
be the torus Gm,/Z and k the character of T arising from t 7→ tk for t the co-ordinate. A classical modular
form of weight k and level K over R is a function f of isomorphism classes of x = (A, ω) where A ∈ Sh(p)K (S)
and ω a diﬀerential form generating H0(A,ΩA/S) over S for an R-algebra S, locally under the Zariski topology
such that the following conditions are satisﬁed.
(Gc1) If x ≃ x′, then f(x) = f(x′) ∈ S.
(Gc2) f(x⊗S S′) = ρ(f(x)) for any R-algebra homomorphism ρ : S → S′.
(Gc3) f(A, sω) = k(s)−1f(A, ω), where s ∈ T (S).
(Gc4) f |a,b(q) := f(Tatea,b(q), η(p)can, ωcan) ∈ RJqab≥0K, where ab≥0 = (ab∩Q+)∪ {0}. We say that f |a,b(q) is
the q-expansion of f at the cusp (a, b).
Let Mk(K,R) be the space of the functions satisfying the above conditions (Gc1-4). For f ∈ Mk(K,R),
we have the following fundamental q-expansion principle (cf. [22, Thm. 4.21]).
(q-exp) The q-expansion map f 7→ f |a,b(q) ∈ RJqab≥0K determines f uniquely.
Adelic deﬁnition. We now brieﬂy describe relation of the geometric deﬁnition of modular forms to the adelic
counterpart.
Let the notation and assumptions be as before. In particular, k is a positive integer. For τ ∈ X+ the
upper half plane and g =
(
a b
c d
)
∈ G(R), let
J(g, τ)k = (cτ + d)k.
Let f be a modular form of weight k over C. In view of the complex uniformisation of the modular curves in
(2.1), we may regard f as a function f : X+ ×G(AQ,f )→ C (also see [27, §2.5.2]). Let ϕ : G(AQ,f )→ C be
the function given by
f(τ, gf) = ϕ(g) · J(g∞, i)k(det g∞)−k| det g|k/2A .
Here g∞ ∈ G(R) such that g∞i = τ and det g∞ > 0. Moreover, g = (g∞, gf) and | · |A is the adelic norm. It
turns out that ϕ is an adelic modular form.
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Via the above identity, we may also begin with an adelic modular form and obtain a classical modular form.
Representation theoretic methods can often be used to construct adelic modular forms. For example, the
construction of toric modular forms (cf. [28]) is based on adelic formalism (also see Appendix A).
2.2.2. p-adic modular forms. In this subsection, we recall the geometric deﬁnition of p-adic modular forms.
The theory is due to Katz. We refer to [22, §8] for details.
Let the notation and assumptions be as in §2. Let R be a p-adic algebra. A p-adic modular form of level K
over R is a function f of isomorphism classes of x = (A, ηordp ) ∈ IgK(S) deﬁned over a p-adic R-algebra S
such that the following conditions are satisﬁed.
(Gp1) If x ≃ x′, then f(x) = f(x′) ∈ S.
(Gp2) f(x⊗S S′) = ρ(f(x)) for any p-adic R-algebra homomorphism ρ : S → S′.
(Gp3) f |a,b(q) := f(x(Tatea,b(q))) ∈ RJqab≥0K. We say that f |a,b(q) is the q-expansion of f at the cusp (a, b).
Let V (K,R) be the space of the functions satisfying the above conditions (Gp1-3). We can regard a classical
modular form as a p-adic modular form as follows. Let f ∈ Mk(K,R) and (A, ηordp ) ∈ IgK(S). Note that
ηordp induces an isomorphism η
ord
p : Lie(Ĝm)→ Lie(A). It follows that (ηordp )∗(dtt ) generates H0(A,ΩA) as an
R-module. We regard f as a p-adic modular form of level K via
f 7→ fˆ(A, ηordp ) := f(A, (ηordp )∗(
dt
t
)).
Moreover, fˆ |a,b(q) = f |a,b(q) and we have an embedding Mk(K,R) →֒ V (K,R).
For f ∈ V (K,R), we have the following fundamental q-expansion principle (cf. [22, Thm. 4.21])
(q-exp)’ The q-expansion map f 7→ f |a,b(q) ∈ RJqab≥0K determines f uniquely.
Another key fact is the completeness of the space V (K,R) of p-adic modular forms under q-expansion topology.
2.2.3. Nearly holomorphic modular forms. In this subsection, we recall generalities regarding nearly holomor-
phic forms. The theory is due to Shimura, Katz, Harris and Urban. We refer to [41] and references therein
for details.
Geometric deﬁnition. Let the notation and assumptions be as in §2.1. Let k, r be non-negative integers
and R a Z(p)-algebra. Let R[X ]≤r be the submodule of polynomials over R with degree at most r. Let B be
the Borel subgroup of SL2/Z. Let ρ
r
k be the representation of B(R) arising from the action on R[X ]≤r given
by (
a b
0 a−1
)
· P (X) = akP (a−2X + ba−1)
for P (X) ∈ R[X ]≤r.
Let S be an R-algebra. A nearly holomorphic modular form of weight k, order at most r and level K over
R is an R[X ]≤r-valued function f of isomorphism classes of y = (A, ω, ω′) where A ∈ Sh(p)K (S) and (ω, ω′) a
basis of H1dR(A/S). Here ω is a basis of H
0(A,ΩA/S) locally under the Zariski topology with 〈ω, ω′〉dR = 1 for
the de Rham pairing 〈·, ·〉 such that the following conditions are satisﬁed.
(Gnh1) If y ≃ y′, then f(y) = f(y′) ∈ S.
(Gnh2) f(y ⊗S S′) = ρ(f(y)) for any R-algebra homomorphism ρ : S → S′.
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(Gnh3) f(A, s · (ω, ω′)) = ρrk(s)−1 · f(A, ω), where s ∈ B(S).
(Gnh4) f |a,b(q) := f(Tatea,b(q), η(p)can, ωcan, ω′can) ∈ RJqab≥0K[X ]≤r, where ω′can arises from ωcan (cf. §2.1.5)
via the de Rham pairing as above and ab≥0 = (ab ∩Q+) ∪ {0}. We say that f |a,b(q) is the q-expansion of f
at the cusp (a, b).
Let N rk (K,R) be the space of the functions satisfying the above conditions (Gnh1-4). By deﬁnition, N
0
k (K,R)
is nothing but the space of classical modular forms Mk(K,R). For f ∈ N rk (K,R), we have the following
fundamental q-expansion principle.
(q-exp) The q-expansion map f 7→ f |a,b(q) ∈ RJqab≥0K[X ]≤r determines f uniquely.
Let
Nk(K,R) =
⊕
r≥0
N rk (K,R)
be the space of nearly holomorphic modular forms with weight k, level K over the base R.
Diﬀerential operators We brieﬂy describe diﬀerential operators on the space of modular forms and its re-
lation to nearly holomorphic modular forms.
Let the notation and assumptions be as above. Let δk be the Maass–Shimura diﬀerential operator on the
space of modular forms N rk (K,C) given by
δk(f) =
1
2πi
y−k
∂
∂τ
(ykf)
for τ = x+ iy the complex variable. Note that δk(f) ∈ N r+1k+2(K,C) with X being −14πy . For a positive integer
s, let
δsk = δk+2s−2 ◦ · · · ◦ δk.
We accordingly have δsk(f) ∈ N r+sk+2s(K,C). The diﬀerential operator δk has a geometric interpretation and can
in fact be extended p-integrally to N rk (K,R) (cf. [41, §2.4]). In particular, it can be deﬁned on f ∈Mk(K,R)
and we have δsk(f) ∈ N r+sk+2s(K,R).
When f is a newform and π is the cuspidal automorphic representation of GL2(A) generated by f (§2.2.1),
we indeed have δsk(f) ∈ π.
On the other hand, we have Katz p-adic diﬀerential operator d on the space of p-adic modular forms V (K,R)
with action on the q-expansion given by
d(g)|a,b(q) = q d
dq
(g|a,b(q)).
for g ∈ V (K,R) (cf. [25, 1.3.6]).
In view of the q-expansion principle, we have
d(f) = δk(f)
for f ∈ Mk(K,R). We may thus regard the nearly holomorphic form δsk(f) as an element in the space of
p-adic modular forms V (K,R). In this sense, we may regard the nearly holomorphic form δsk(f) as being
scalar valued.
2.2.4. Hecke operators. In this subsection, we recall the deﬁnition of certain Hecke operators on the space of
p-adic modular forms.
Let the notation and assumptions be as in §2. For K as in §2.2 and g ∈ G(A(p)Q,f ), let gK = gKg−1.
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Note that the action x 7→ gx (cf. (2.3)) gives rise to an isomorphism ShK ≃ ShgK . For f ∈ V (K,R), let f |g
be given by
(2.7) (f |g)(x) = f(gx).
It follows that f |g ∈ V (gK,R).
Recall x = (A, ηordp ) ∈ IgK(S) (§2.2.2). Let (xi)0≤i≤p denote the points on the Igusa tower arising from
distinct p-isogenies on the underlying elliptic curve E with x0 arising from the isogeny with kernel being the
canonical subgroup of E/S . Let
Ux =
1
p
·
p∑
i=1
xi, V x =
(
E0,
1
p
· η(p), p · ηordp
)
.
Let f |U and f |V be given by
(f |U)(x) = f(Ux), (f |V )(x) = f(V x).
We have f |U, f |V ∈ V (K,R) ([2, §3.8]).
3. Anticyclotomic toric periods
In this section, we consider non-triviality of anticyclotomic toric periods. In §3.1, we ﬁrstly describe the notion
of anticyclotomic toric periods associated to a class of modular forms. We then discuss their non-triviality
due to Hida. We provide a slightly diﬀerent formulation and mild strengthening. In §3.2, we describe a linear
independence of mod p modular forms arising from Chai’s theory of Hecke-stable subvarieties of a mod p
Shimura variety. The non-triviality is fundamentally based on the independence.
3.1. Non-triviality. In this subsection, we consider non-triviality of anticyclotomic toric periods. For a re-
lated consideration, we also refer to [8].
Let the notation and hypotheses be as in §1-2. In particular, p is an odd prime, N a positive integer with
p ∤ N and c a positive integer with (c, pN) = 1. Moreover, K is an imaginary quadratic ﬁeld with p split, the
embeddings ι∞ : Q→ C and ιp : Q→ Cp. Further, K−ℓn is the anticyclotomic extension of K with conductor
cN · ℓn for a prime ℓ ∤ 6pNc, Γ−n = Gal(K−ℓn/K) the anticyclotomic Galois group and Γ−ℓ = lim←−n Γ
−
n .
Let Rn = Z+ cN · ℓnOK . Note that Pic(Rn) = Γ−n . Let
Un = C1 × (R̂n) ⊂ C× ×A×K,f
be a compact subgroup for C1 the complex unit circle. Via the reciprocity map (cf. Notation), we identify
Γ−n = K
×A×\A×K/Un.
Let [·]n : A×K → Γ−n be the quotient map. For a ∈ A×K , let xn(a) be the CM point x([a]n) associated to the
ideal class [a]n as deﬁned in §2.1.4. Let c(a) be polarisation ideal of the CM point x0(a) deﬁned in [27, §3.4].
Also, let [a] = lim←−n[a]n ∈ Γ
−
ℓ .
Let λ be an arithmetic Hecke character over K of inﬁnity type (j + κc,−κc) with respect to the embed-
ding ι∞ for j, κc ≥ 0. Let λ̂ : A×K,f/K× → C×p be its p-adic avatar given by
λ̂(x) = λ(x)x(j+κc(1−c))p .
Here x ∈ A×K,f , xp its p-component and c ∈ Gal(K/Q) the non-trivial element.
Let f ∈ V (K0(ℓ),O) be a p-adic modular form for a ﬁnite ﬂat extension O over Zp (cf. §2.2.2) such that
the following condition is satisﬁed:
14 ASHAY A. BURUNGALE
(MC) f(xn(ta)) = λ̂(a)
−1f(xn(t)) for a ∈ UnA×Q,f .
For φ : Γ−n → Zp, let Pf,λ(φ, n) be the toric period given by
(3.1) Pf,λ(φ, n) =
∑
[t]n∈Γ
−
n
f(xn(t))λ̂(t)φ([t]n).
In view of the condition (MC), the expression on the right hand side is well deﬁned if we change t to ta, for
a ∈ UnQ×. The toric period typically depends on n and in general, the above deﬁnition may not give rise to
a measure on Γ−ℓ . Under additional hypothesis on f , we can normalise the toric periods and thereby obtain a
measure on Γ−ℓ (cf. [21, §3.1 and §3.4]).
Let Xℓ denote the set of ℓ-power order anticyclotomic characters of Γ
−
ℓ . As ν ∈ Xℓ varies, we consider
the non-triviality of toric periods Pf,λ(ν, n) modulo p. For the rest of the section, we suppose that f is a
p-integral nearly holomorphic modular form deﬁned over a number ﬁeld (cf. §2.2.3).
To discuss non-triviality of the toric periods, we introduce further notation. Let ∆ℓ be the torsion sub-
group of Γ−ℓ , Γ
alg
ℓ the subgroup of Γ
−
ℓ generated by [a] for a ∈ (A(ℓp)K )× and ∆algℓ = Γalgℓ ∩∆ℓ. Let B be a set
of representatives of ∆ℓ/∆
alg
ℓ and R a set of representatives of ∆algℓ in (A(ℓp)K )×. Let ρ : A×K →֒ GL2(A) be a
torus embedding and ς ∈ GL2(A(ℓp)K ) as deﬁned in [27, §3.1 and §3.2], respectively. For a ∈ (A(ℓp)K )×, let
(3.2) f |[a] = f |ρς(a), ρς(a) = ς−1ρ(a)ς
(cf. 2.2.4). Finally, let
(3.3) fR =
∑
r∈R
λ̂(r)f |[r].
We consider the following hypothesis.
(H) Let ℓr be the order of the ℓ-Sylow subgroup of Fp[g, λ]
× with Fp[g, λ] the mod p Hecke ﬁeld corre-
sponding to the pair (g, λ). For every u ∈ Z prime to ℓ, there exists a positive integer β ≡ umod ℓr and
a ∈ A×K,f such that
aβ(f
R, c(a)) 6= 0mod mp.
Here the Fourier expansion is at the cusp (Z, c(a)) (§2.2.3).
We have the following fundamental result regarding non-triviality of the toric periods modulo p.
Theorem 3.1. (Hida) Let p be an odd prime split in an imaginary quadratic field K. Let ℓ be another prime
and Xℓ the set of ℓ-power order anticyclotomic character of the Galois group Γ
−
ℓ as above. Let f be an algebraic
p-integral nearly holomorphic modular form and λ an arithmetic Hecke character over K as above such that
(MC) holds. For ν ∈ Xℓ factoring though Γ−n , let Pf,λ(ν, n) be the anticyclotomic toric period as above.
Suppose that the hypothesis (H) holds. Then, we have
Pf,λ(ν, n) 6= 0mod mp,
for all but finitely many ν ∈ Xℓ factoring through Γ−n as n→∞ (cf. [21, Thm. 3.2]).
Proof. This is essentially proven in [21, Thm. 3.2]. We outline a sketch.
Let ν ∈ Xℓ minimally factor through Γ−n(ν).
We ﬁx a decomposition
Γ−ℓ = ∆ℓ × Γ
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with Γ ≃ Zℓ. Let Γn be the image of Γ in Γ−n via Γ։ Γ−n . For a suﬃciently large n, ∆ℓ →֒ Γ−n and
(3.4) Γ−n = ∆ℓ × Γn.
We choose representatives b ∈ B 1 prime to pℓN such that the norms N(b) are all diﬀerent.
Let Fpr be the residue ﬁeld of EfH at the prime above p determined via the embedding ιp. From Shimura’s
reciprocity law,
(3.5) P¯f,λ(ν, n) 6= 0 ⇐⇒ P¯f,λ(νσ , n) 6= 0
for σ ∈ Gal(F/Fpr) ([21, (3.10)]). Here and in the remaining proof, we let P¯f,λ(ν, n) denote Pf,λ(ν, n)mod mp.
As for the reciprocity law, we rely on the hypothesis that the nearly holomorphic modular form f is deﬁned
over a number ﬁeld.
Suppose that the non-vanishing does not hold for an inﬁnite subset X′ℓ ⊂ Xℓ. We may suppose that for
each ν ∈ X′ℓ the decomposition (3.4) holds with n = n(ν). In view of (3.4) and (3.5), we note
(3.6)
∑
b∈B
λ̂(b)
∑
gn∈Γn,ν(gn)∈µℓr
ν(g−1n ) · (f¯R|[N(b)])(x(bngna)/F) = 0
for bn the projection of b to Γn and any ﬁxed a ∈ Γn([21, (3.15)]). Moreover, f¯R denotes the mod p reduction
of fR and x(·)/F the mod p reduction of CM point x(·).
For n = n(ν) suﬃciently large,
ν(gn) ∈ µℓr ⇐⇒ gn ∈ ker(Γn → Γn−r) =: Gn,r.
Replacing X′ℓ by possibly complement of a ﬁnite subset, we suppose that the above holds for each ν ∈ X′ℓ and
also that
n ≥ 2r.
From the last inequality, we have an isomorphism Z/ℓn ≃ Gn,r arising from
i 7→ en−r · Rn, en,i := 1 + i · cNℓn · ω.
Replacing X′ℓ by possibly an inﬁnite subset, we suppose that the primitive ℓ
r-th root of unity ν(en−r ·Rn) is
independent of ν. Let ζ denote this primitive ℓr-th root of unity and
n1 = min
ν∈X′
ℓ
(n(ν)− r).
In view of the preceding paragraph and (3.6), we note
(3.7)
∑
b∈B
λ̂(b) · (f¯R|N(b))(x(bn · a)/F) = 0.
Here
f¯R =
ℓr−1∑
i=0
ζ−if¯R|Br,i, Br,i =
(
1 −i/ℓr
0 1
)
and a ∈ ker(Γn → Γn1) = ker(Γ−n → Γ−n1) a ﬁxed element ([21, Proof of Thm. 3.2]).
From the hypothesis (H), the mod p modular form f¯R is non-constant ([21, Proof of Thm. 3.2]). Thus, the
linear dependence in (3.7) contradicts Theorem 3.2.

1In the proof, we consider ideal-theoretic formulation in contrast with the earlier adelic formulation and accordingly regard
Hecke characters as ideal class characters.
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Remark. (1). In [21], Hida constructs a modular measure interpolating the normalised toric periods and
discusses the non-triviality of the measure modulo p. The hypothesis that g is an Uℓ-eigenform with the
corresponding eigenvalue being a p-unit is only needed in the construction of the modular measure. For the
sake of non-triviality of the toric periods alone, the hypothesis is not necessary. The author is grateful to Hida
for this key remark.
(2). As the theorem does not require the underlying nearly holomorphic form to be an Uℓ-eigenform, it
can be used to slightly simplify the proof of (ℓ, p)-non-triviality of central L-values in [27] and [28].
3.2. Linear independence. In this subsection, we describe a linear independence of mod p modular forms
arising from Chai’s theory of Hecke-stable subvarieties of a mod p Shimura variety. The non-triviality of
anticyclotomic toric periods is fundamentally based on the independence.
Let the notation and hypotheses be as in §3.1 2. Let V = V/F be an irreducible component of the Igusa
tower Ig = Ig/F (§2.1.3). Let n = 0 < n1 < n2 < ... be an inﬁnite sequence of non-negative integers and
(3.8) Ξ =
{
x(σ)/F
∣∣σ ∈ Γ−nj with σ ∈ ker(Γ−nj → Γ−r ), j ∈ Z≥1
}
an inﬁnite set of mod p CM points for an integer r with 0 ≤ r ≤ n1.
Let CΞ be the space of functions over Ξ with values in P1(F) = F ∪ {∞}. In view of the Zariski density
of Ξ in V , we have an embedding
F(V ) →֒ CΞ
for F(V ) the function ﬁeld. We let the class group Γ−ℓ act on CΞ via
σ′ · g(x(σ)/F) = g(x(σ · σ′)/F).
We have the following linear independence.
Theorem 3.2. (Hida) Let the notation be as above. Let L be a line bundle over Ig. Let ∆ ⊂ Γ−ℓ be a finite
subset independent modulo Γalgℓ ⊂ Γ−ℓ and {sδ ∈ L}δ∈∆ a set of non-constant global sections sδ finite at Ξ.
Then,
{δ · sδ}δ∈∆ ⊂ CΞ
is linearly independent ([21, Cor. 2.9]).
Remark. The Chai–Oort rigidity principle predicts that a Hecke stable subvariety of a mod p Shimura variety
is a Shimura subvariety. The principle has been studied by Chai in a series of articles (cf. [17], [18] and [19]).
The theorem is a consequence of a variant of the principle for self-products of mod p modular curves where
Hecke action is replaced with its local analogue ([21, Prop. 2.8]).
2prior to the proof of Theorem 3.1
ON THE NON-TRIVIALITY OF THE p-ADIC ABEL–JACOBI IMAGE OF GENERALISED HEEGNER CYCLES 17
4. Non-triviality of p-adic Abel–Jacobi image modulo p
In this section, we prove the non-triviality of generalised Heegner cycles modulo p. For simplicity, we ﬁrst
consider the case of Heegner points. In §4.1, we ﬁrst state the p-adic Waldspurger formula and then prove the
non-triviality of the p-adic formal group logarithm of Heegner points modulo p (cf. Theorem A). In §4.2, we
describe generalities regarding generalised Heegner cycles and state conjectures regarding their non-triviality.
In §4.3, we prove non-triviality of the p-adic Abel–Jacobi image of generalised Heegner cycles modulo p.
4.1. Non-triviality, I. In this subsection, we ﬁrst state the p-adic Waldspurger formula due to Bertolini–
Darmon–Prasanna and then prove the non-triviality of the p-adic formal group logarithm of Heegner points
modulo p (cf. Theorem A).
Let the notation and hypotheses be as in the introduction. In particular, p is an odd prime, N a posi-
tive integer with p ∤ N , b a positive integer with (b, pN) = 1 and ℓ a prime such that ℓ ∤ 2pNb. Moreover, K
is an imaginary quadratic ﬁeld with p split satisfying the Heegner hypothesis (Hg), K−ℓn is the anticyclotomic
extension of K with conductor bN · ℓn, Γ−n = Gal(K−ℓn/K) the anticyclotomic Galois group and Γ−ℓ = lim←−n Γ
−
n .
Further, f ∈ S2(Γ0(N), ǫ) is a weight two Hecke-eigen cuspform with Tp-eigenvalue ap(f) and Bf an abelian
variety associated to f . Also, χ is a ﬁnite order Hecke character over K such that χNK ∈ Σcc(b,N, ǫ) for
NK the norm Hecke character over K and Hχ the abelian extension of K cut out by χ. Let Ef,χ be the
Hecke ﬁeld corresponding to the pair (f, χ). The restriction of the p-adic logarithm gives a homomorphism
logωBf
: Bf (Hχ)→ Cp for the invariant diﬀerential ωBf arising from the newform f and we extend it to
logωBf
: Bf (Hχ)⊗Zf Ef,χ → Cp
via Ef,χ-linearity.
For σ ∈ Gal(HbN/K), let x(σ) ∈ IgΓ0(N)(W ) be the CM point as in §2.1.4.
We recall ǫ(f, χ−1) = −1 for the global root number ǫ(f, χ−1) corresponding to Rankin–Selberg convolu-
tion f × χ−1N−1K of the pair (f, χ−1). The generalised Heegner hypothesis (Hg) holds. The image of CM
points under modular parametrisation of Bf gives rise to a Heegner point
Pf (χ) ∈ Bf (Hχ)⊗Zf Ef,χ.
For the Hecke operators V and U on the space V (Γ0(N), R) as in §2.2.4 and g ∈ V (Γ0(N), R), let g(p) be the
p-depletion given by
(4.1) g(p) = g|(V U − UV ).
The Fourier expansion of g(p) at a cusp c is given by
(4.2) g(p)(q) =
∑
p∤n
an(g, c)q
n
(cf. [2, (3.8.4)]).
Let d be the Katz p-adic diﬀerential operator as in §2.2.3. In view of (4.2) and completeness of the space
V (Γ0(N), R) (cf. §2.2.2), it follows that
d−1(g(p)) = lim
j→0
d−1+j(g(p))
is a weight zero p-adic modular form. Here the limit is taken with respect to the p-adic topology. Indeed,
limit of q-expansions of the nearly holomorphic forms d−1+j(g(p)) at the cusp exists with respect to the p-adic
topology. The existence can be readily seen from action of the p-adic diﬀerential operator on the q-expansions
(§2.2.3). In view of the completeness, it then follows that the limit in fact arises from q-expansion of a p-adic
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modular form.
We have the following p-adic Waldspurger formula for anticyclotomic toric periods of the weight zero p-
adic modular form d−1(f (p)).
Theorem 4.1. (Bertolini–Darmon–Prasanna) Let p be an odd prime and N a positive integer such that p ∤ N .
Let K be an imaginary quadratic field satisfying (ord) and (Hg) with p a prime above p determined via an
initial embedding ιp : Q →֒ Cp. Let f ∈ S2(Γ0(N), ǫ) be a normalised newform with Tp-eigenvalue ap(f) and
η a finite order Hecke character such that ηNK ∈ Σcc(b,N, ǫ) for some b prime to pN . We then have∑
σ∈Gal(HbN/K)
χ(σ)d−1(f (p))(x(σ)) = (1− χ−1(p)p−1ap(f) + χ−2(p)ǫ(p)p−1) · logωBf (Pf (χ)).
Proof. This is essentially proven in [2] and [3]. We give some details as the result in [2] and [3] explicitly
involves a Rankin–Selberg p-adic L-function.
We ﬁrst recall that
(4.3) Tp(f) = ap(f)f, 〈p〉(f) = ǫ(p)f.
Here 〈p〉 denotes the diamond operator associated with p.
Let Ff be the Coleman primitive of the diﬀerential ωf associated with f (cf. [2, §3.7]). From Coleman
integration (cf. [2, Lem. 3.23] and [3, Thm. 3.12]), we have
(4.4) Ff (x(σ)) = logωBf
(Φf (∆σ)).
Here ∆σ = x(σ) − (∞) ∈ J1(N)(HbN ) under the embedding X1(N) →֒ J1(N).
On the ordinary locus, the Coleman primitive Ff satisﬁes
dFf = f.
In view of (4.3) and the deﬁnition of p-depletion (cf. [2, Lem. 3.23 and Prop. 3.24]), we have
(4.5) F
(p)
f (x(σ)) = Ff (x(σ)) − ǫ(p)ap(f)Ff (p ∗ x(σ)) +
ǫ(p)
p
Ff (p
2 ∗ x(σ)).
Here the “ ∗ ”-action of a on the CM point x(σ) is given by the triple arising from CM elliptic curve X(σ)X(σ)[a]
for a = p, p2 (cf. [2, (1.4.8)]). As a is coprime to N , the level Γ0(N)-structure on X(σ) gives rise to level
Γ0(N)-structure on
X(σ)
X(σ)[a] .
Along with (4.4), the summation of the above identity over σ ∈ Gal(HbN/K) ﬁnishes the proof (compare
[2, Proof of Thm. 5.13] 3).

We now consider the variation of the above identity over the Zℓ-anticyclotomic extension of K for a prime
ℓ ∤ 2pN as above. We ﬁx a ﬁnite order Hecke character η such that ηNK ∈ Σcc(c,N, ǫ) for some c satisfying
(c, pN) = 1. In the remaining subsection, we apply the formalism of anticyclotomic toric periods (cf. §3) to
the pair (d−1(f (p)), η).
Recall that Xℓ denotes the set of ℓ-power order anticyclotomic characters of Γ
−
ℓ . As ν ∈ Xℓ varies, the
global root number ǫ(f, η−1ν−1) still equals −1 (Lemma 4.4).
3As opposed to [2, Thm. 5.13], χ(σ) appears in the left hand side of the formula in Theorem 4.1 due to geometrically
normalised reciprocity law (cf. Notation).
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The p-adic modular form d−1(f (p)) being of weight zero, the hypothesis (MC) holds and the toric periods
are thus well deﬁned. The Hecke character η being of ﬁnite order with conductor cNǫ, for φ : Γ
−
n → Zp we
have
(4.6) Pd−1(f(p)),η(φ, n) =
∑
[t]n∈Γ
−
n
(φη)([t]n)d
−1(f (p))(xn(t)).
The following is an (ℓ, p)-family version of the p-adic Waldspurger formula.
Corollary 4.2. Let the notation and hypotheses be as above. For ν ∈ Xℓ, we have
(4.7) Pd−1(f(p)),η(ν, n) = (1− (ην)−1(p)p−1ap(f) + (ην)−2(p)ǫ(p)p−1) logωBf (Pf (ην)).
Proof. We ﬁrst note that as ηNK ∈ Σcc(c,N, ǫ), it follows that ηνNK ∈ Σcc(cℓk,N, ǫ) for a non-negative
integer k. The lemma thus immediately follows from the previous theorem.

We now consider non-triviality of Pd−1(f(p)),η(ν, n) modulo p. We are now ready to prove Theorem A regarding
p-indivisibility of Heegner points (cf. §1).
Theorem 4.3. Let p be an odd prime and N a positive integer such that p ∤ N . Let K be an imaginary qua-
dratic field satisfying (ord) and (Hg) with p a prime above p determined via an initial embedding ιp : Q →֒ Cp.
Let f ∈ S2(Γ0(N), ǫ) be a normalised newform with Tp-eigenvalue ap(f) and η a finite order Hecke character
such that ηNK ∈ Σcc(c,N, ǫ) for some c prime to pN . Suppose that
(1). The residual representation ρf |GK mod mp is absolutely irreducible,
(2). N− is square-free and
(3). p ∤
∏
v|c− |∆η,v| for ∆η,v the finite group η(O×Kv ).
Let ℓ 6= p be an odd prime unramified in K and prime to cN . Let Xℓ be the set of ℓ-power order anticy-
clotomic Hecke characters over K as above. Then, for all but finitely many ν ∈ Xℓ we have
vp
(E(f, ην) logωBf (Pf (ην))) = 0.
Here E(f, ην) = 1− (ην)−1(p)ap(f)p−1 + (ην)−2(p)ǫ(p)p−1.
Proof. In view of Corollary 4.2, it suﬃces to prove the non-triviality of the toric periods Pd−1(f(p)),η−1(ν
−1, n)
modulo p.
Being of weight zero, d−1(f (p)) is not a nearly holomorphic modular form (cf. §2.2.3) and thus Theorem
3.1 does not seem to be directly applicable. The approach instead consists of two steps. Via an elementary
congruence, we reduce the non-triviality to a setup involving the one for toric periods of a nearly holomorphic
form. We then verify the non-triviality criteria in Theorem 3.1 for the nearly holomorphic form.
Congruence. In view of the eﬀect of the Katz p-adic diﬀerential operator on the q-expansion (§2.2.3) and
the q-expansion principle for p-adic modular forms (§2.2.2), we have
d(p−2)p(f (p)) ≡ d−1(f (p))mod mp
and
d(p−2)p(f (p)) ≡ d(p−2)p(f)mod mp.
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It thus follows that ∑
[t]n∈Γ
−
n
φ([t]n)d
(p−2)p(f)(xn(t))(N
(p−1)2
K η)(t)
≡
∑
[t]n∈Γ
−
n
φ([t]n)d
−1(f (p))(xn(t))η(t)mod mp
for φ : Γ−n → Zp as above. As d(p−2)p(f) is nearly holomorphic of weight 2(p−1)2, the pair (d(p−2)p(f), ηN(p−1)
2
K )
satisﬁes the hypothesis (MC) and the toric periods are thus well deﬁned.
The above congruence can now be rewritten as
(4.8) P
d(p−2)p(f),N
(p−1)2
K η
(φ, n) ≡ Pd−1(f(p)),η(φ, n)mod mp.
Non-triviality. We may now apply Theorem 3.1 to the pair (d(p−2)p(f), ηN
(p−1)2
K ). It thus suﬃces to verify
the following.
(H’) For every u ∈ Z prime to ℓ and a given positive integer r, there exists a positive integer β ≡ umod ℓr
and a ∈ A×K,f such that vp(aβ(d(p−2)p(f)R, c(a))) = 0.
Under the hypotheses (1)-(3), this is essentially veriﬁed in [28, §7.4]. We give a brief summary in the ap-
pendix (cf. §A.2).
In view of the congruence (4.8), this ﬁnishes the proof.
As non-triviality of the p-adic formal group logarithm of a point implies the point being non-torsion, “In
particular" part of the Theorem follows readily.

Remark. The hypothesis p being odd arises from the corresponding hypothesis in [21]. Upon availability of
Chai–Oort rigidity principle, it seems removable. The hypotheses (1)-(3) intervene only in the automorphic
computation of the Fourier coeﬃcients of the toric form. The hypothesis (2) is perhaps removable. However,
the hypotheses (1) and (3) are probably essential. We refer to the appendix (cf. Proposition A.4) for a related
discussion.
4.2. Generalised Heegner cycles. In this section, we describe the basic setup regarding generalised Heeg-
ner cycles.
4.2.1. Generalities. In this subsection, we brieﬂy recall generalities regarding generalised Heegner cycles fol-
lowing [2, §2] and [4, §4].
Unless otherwise stated, let the notations and hypotheses be as in the introduction. In particular, p is an odd
prime, N a positive integer with p ∤ N , b a positive integer with (b, pN) = 1. Moreover, K is an imaginary
quadratic ﬁeld with p split satisfying the Heegner hypothesis (Hg) and O the integer ring.
Recall that X1(N) is the modular curve of level Γ1(N) and ∞ the standard cusp i∞. Here i is a chosen
square root of −1. Strictly speaking, the modular curve only exists as a Deligne–Mumford stack for N ≤ 3.
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Let r be a non-negative integer. Let Wr be the r-fold Kuga–Sato variety over X1(N) constructed in [2, App.].
In other words, Wr is the canonical desingularisation of the r-fold self-product of the universal elliptic curve
over X1(N).
Let A be a CM elliptic curve with CM by O deﬁned over the Hilbert class ﬁeld H (cf. §2.1.4, [2, §1.4]).
Recall b denotes a positive integer prime to N as above. For an ideal class [a] ∈ Pic(ObN ) with a prime to N ,
let ϕa be the natural isogeny
(4.9) ϕa : A→ Aa = A/A[a].
Strictly speaking, the above deﬁnition of the CM elliptic curve Aa is correct only when b = 1 and a suitable
O-transform needs to be considered in the general case (cf. [2, §1.4]).
Let r1 and r2 be non-negative integers such that r1 ≥ r2 and r1 ≡ r2mod 2. Let s and u be non-negative
integers such that
r1 + r2 = 2s and r1 − r2 = 2u.
Let Xr1,r2 be a r1 + r2 + 1-dimensional variety given by
Xr1,r2 = Wr1 ×Ar2 .
For an ideal a as above, we consider
(Aa ×A)r2 × (Aa ×Aa)u = (Ar1a ×Ar2) ⊂ Xr1,r2 .
The last inclusion arises from the embedding of Ar1a in Wr1 as a ﬁber of the natural projection Wr1 → X1(N).
Let Γa ∈ Z1(Aa × Aa) be the transpose of the graph of
√−dK . Here
√−dK is the square root of −dK
whose image under the complex embedding ι∞ has positive imaginary part. Let Γϕ,a ∈ Z1(Aa × A) be the
transpose of the graph of ϕa. Let
Γr1,r2,a = Γ
r2
ϕ,a × Γua
and
(4.10) ∆r1,r2,a = ǫXr1,r2 (Γr1,r2,a) ∈ CHs+1(Xr1,r2 ⊗ L)0,Q.
Here ǫXr1,r2 is the idempotent in the ring of correspondences on Xr1,r2 deﬁned in [4, §4.1] and L is the ﬁeld
of deﬁnition of the cycle Γr1,r2,a. The idempotent has an eﬀect of making the cycle null-homologous (cf. [4,
Prop. 4.1.1]). The notation CHs+1(Xr1,r2 ⊗ L)0,Q denotes the Chow group of homologically trivial cycles
over L of codimension s+ 1 with rational coeﬃcients.
When r1 = r2 = r, we let Xr, Γr,a and ∆r,a denote Xr,r, Γr,r,a and ∆r,r,a, respectively.
When r1 is even and r2 = 0, the above cycles are nothing but the classical Heegner cycles (cf. [2, §2.4]).
Aspects of classical Heegner cycles were ﬁrst investigated in [37] and [34].
When r = 0, the generalised Heegner cycle ∆0,a is a CM point on the modular curve X1(N). In this case, we
replace ∆0,a by ∆0,a −∞ to make it homologically trivial. Note that this preserves the ﬁeld of deﬁnition of
the cycles as the ∞-cusp is deﬁned over Q.
4.2.2. p-adic Abel–Jacobi map. In this subsection, we brieﬂy recall generalities regarding a relevant p-adic
Abel–Jacobi map following [2, §3]. For the dual exponential map, we refer to [5].
Let the notations and hypotheses be as in §4.2.1. Let ǫX denote the idempotent ǫXr1,r2 .
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Let F be a number ﬁeld containing the Hilbert class ﬁeld H . Let Vs be the p-adic Galois representation
of GF given by
Vs = H
2s+1
e´t (Xr1,r2 ×F Q,Qp).
Let AJ e´tF be the étale Abel-Jacobi map
(4.11) AJ e´tF : CH
s+1(Xr1,r2/F )0,Q → H1(F, ǫXVs(s+ 1))
due to Bloch (cf. [34] and [2, Def. 3.1]). The Bloch–Kato conjecture implies that the Qp-linearisation
AJ e´tF ⊗Q Qp is injective (cf. [34, (2.1)]).
Let v be a place in F above p induced by the p-adic embedding ιp. We have the localisation map
locv : H
1(F, ǫXVs(s+ 1))→ H1(Fv, ǫXVs(s+ 1))
in Galois cohomology.
In general, the localisation map need not be injective.
The image of the composition locv◦AJ e´tF is contained in the Bloch–Kato subgroupH1f (Fv, ǫXVs(s+1)) (cf. [34,
Thm. 3.1 (ii)] and [35]). In terms of the interpretation of the local cohomology H1(Fv , ǫXVs(s+1)) as a group
of extension classes, the elements of the subgroup correspond to as crystalline extensions as ǫXVs(s+ 1) lets
them to be.
In view of the Bloch–Kato logarithm map and de Rham Poincaré duality, we have a canonical isomorphism
(4.12) log : H1f (Fv, ǫXVs(s+ 1)) ≃ (Fils+1ǫXH2s+1dR (Xr1,r2/Fv )(s))∨
(cf. [2, §3.4]). Here Fil• is the Hodge ﬁltration on ǫXH
2r+1
dR (Xr/Fv )(r) and (Fil
r+1ǫXH
2r+1
dR (Xr/Fv)(r))
∨ the
dual arising from the Poincaré pairing.
The composition with the étale Abel–Jacobi map gives rise to the p-adic Abel–Jacobi map
(4.13) AJF : CH
s+1(Xr1,r2/F )0,Q → (Fils+1ǫXH2s+1dR (Xr1,r2/Fv )(s))∨.
There does not seem to be a general conjecture regarding the image and kernel of the p-adic Abel–Jacobi map.
However,
(BBK) the Bloch–Beilinson and the Bloch–Kato conjectures suggest to investigate contexts where the Qp-
linearisation AJF ⊗Q Qp is an isomorphism or generically so (cf. [34, (2.1)]).
In general, the Qp-linearisation AJF ⊗Q Qp need not be injective or surjective. For a relation of the non-
triviality of the p-adic Abel–Jacobi map to coniveau ﬁltration and reﬁned Bloch–Beilinson conjecture, we refer
to [4, §2].
For later purposes, we recall an explicit description of the middle step Fils+1ǫXH
2s+1
dR (Xr1,r2/Fv )(s) of the
Hodge ﬁltration.
For a positive integer k ≥ 2, let Sk(Γ1(N), Fv) denote the space of cusp form of level Γ1(N) with coeﬃ-
cients in Fv. We have a canonical isomorphism
(4.14) Sr1+2(Γ1(N), Fv)⊗Fv Symr2 H1dR(A/Fv ) ≃ Fils+1ǫXH2s+1dR (Xr1,r2/Fv )(s),
essentially due to Scholl and it arises from
f ⊗ α 7→ ωf ∧ α.
Here ωf is the normalised diﬀerential associated with f ∈ Sr1+2(Γ1(N), Fv) (for example, [2, Cor 2.3]) and
α ∈ Symr2 H1dR(A/Fv). We refer to [2, §2.2] for details.
The symmetric power Symr2 H1dR(A/Fv) in turn has the following basis. Let ωA ∈ Ω1A/Fv be a non-zero
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diﬀerential. Let ηA ∈ Ω1A/Fv be the corresponding element in [2, (1.4.2)]. It may be directly seen that
{ωA, ηA} is a basis of Ω1A/Fv . Thus,
{
ωjAη
r2−j
A : 0 ≤ j ≤ r2
}
is a basis of Symr2 H1dR(A/Fv).
For 0 ≤ j ≤ r2 and f varying over Hecke eigenforms in Sr1+2(Γ1(N), Fv), the wedge products{
ωf ∧ ωjAηr2−jA : f, 0 ≤ j ≤ r2
}
thus form a basis of Fils+1ǫXH
2s+1
dR (Xr1,r2/Fv )(s).
4.2.3. Conjectures. In this subsection, we state conjectures regarding the non-triviality of generalised Heeg-
ner cycles and the image under the étale and p-adic Abel–Jacobi maps over anticyclotomic extensions of an
imaginary quadratic extension. These conjectures are essentially an ammendment of the conjectures due to
Mazur, Bloch–Beilinson and Bloch–Kato. For the latter conjectures, we refer to [32] and [5].
Let the notations and hypotheses be as in §4.2.1. In particular, N is a positive integer such that p ∤ N .
For a positive integer k ≥ 2, let Sk(Γ0(N), ǫ) be the space of elliptic cusp forms of weight k, level Γ0(N) and
neben-character ǫ. Let f ∈ Sr1+2(Γ0(N), ǫ) be a normalised newform. In particular, it is a Hecke eigenform
with respect to all Hecke operators. Let Nǫ|N be the conductor of ǫ. Let Nǫ|N be the unique ideal of norm
Nǫ. The existence follows from the generalised Heegner hypothesis (Hg).
Let N : A×Q/Q
× → C× be the norm Hecke character over Q given by
N(x) = ||x||.
Here || · || denotes the adelic norm. Let NK := N ◦NKQ be the norm Hecke character over K for the relative
norm NKQ . For a Hecke character λ : A
×
K/K
× → C× over K, let fλ (resp. ǫλ) denote its conductor (resp. the
restriction λ|A×
Q
) as before.
Let b be a positive integer prime to N . Let Σr1,r2(b,N, ǫ) be the set of Hecke characters λ such that:
(C1) λ is of inﬁnity type (j1, j2) with j1 + j2 = r2 and ǫλ = ǫN
r2 ,
(C2) fλ = b ·Nǫ and
(C3) we have ǫq(f, λ
−1N−uK ) = 1 for ǫq(f, λ
−1N−uK ) the local root number corresponding to Rankin–Selberg
convolution of the pair (f, λ−1N−uK ) for all ﬁnite primes q.
Let Σ
(2)
r1,r2(b,N, ǫ) be the subset of Σr1,r2(b,N, ǫ) whose elements have inﬁnity type (r2 + 1 − j, 1 + j) for
some 0 ≤ j ≤ r2.
The underlying global root numers are given by the following
Lemma 4.4. Let f ∈ Sr1+2(Γ0(N), ǫ) be a normalised newform for an integer r1 ≥ 0. Let K be an imaginary
quadratic field satisfying Heegner hypothesis (Hg). For a positive integer b prime to N , let Σr1,r2(b,N, ǫ) be
a set of arithmetic Hecke characters over K satisfying (C1)-(C3) and Σ
(2)
r1,r2(b,N, ǫ) its subset as above. Let
χ ∈ Σr1,r2(b,N, ǫ), then
ǫ(f, χ−1N−uK ) = −1(resp. 1)
for χ ∈ Σ(2)r1,r2(b,N, ǫ) (resp. else). Here ǫ(f, χ−1N−uK ) denotes the global root number corresponding to
Rankin–Selberg convolution of the pair (f, χ−1N−uK ) (cf. [2, §4.1]).
Let χ ∈ Σ(2)r1,r2(b,N, ǫ) with inﬁnity type (r2 + 1− j, 1 + j) for some 0 ≤ j ≤ r2.
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Let Mf (resp. Mχ−1) be the Grothendieck motive associated with f (resp. χ
−1). By the Ku¨nneth for-
mula, the motive Hs+1(Xr1,r2)⊗QL containsMf ⊗QMχ−1 as a submotive for a suﬃciently large number ﬁeld
L. For a minimal choice of L, we refer to [4, §4.2]. Let πf,χ be the projector deﬁning the submotive (cf. [37]).
Let Sb be a set of representatives for Pic(ObN ) consisting of ideals prime to N . We now regard χ as an
ideal Hecke character. Let Hχ be the abelian extension of H generated by the values of χ on Sb. In particular,
the extension Hχ depends on the choice of Sb. Let v = vχ be the place above p in Hχ induced via the p-adic
embedding ιp.
Let
(4.15) ∆χ =
∑
[a]∈Sb
χ−1(a)N(a)∆ϕa ∈ CHs+1(Xr1,r2/Hχ)0,Q ⊗ L.
The cycle depends on the choice of representatives Sb. Moreover, it is deﬁned over the extension Hχ by the
deﬁnition.
Definition 4.5. The generalised Heegner cycle ∆f,χ associated with the pair (f, χ) is given by
∆f,χ = πf,χ(∆χ).
The generalised Heegner cycle is independent of the choice of representatives Sb up to a cycle in the kernel of
the complex Abel–Jacobi map (cf. [4, Rem. 4.2.4]).
We consider the non-triviality of the cycles ∆f,χ, as χ varies.
Under the hypotheses (C1)-(C3), the Rankin–Selberg L-function corresponding to the pair (f, χ−1N−uK ) is
self-dual with root number −1 (cf. Lemma 4.4). The Bloch–Beilinson conjecture accordingly implies the ex-
istence of a non-torsion homologically trivial cycle in the Chow realisation of the motive Mf ⊗Q Mχ−1N−uK .
Perhaps, a natural candidate is the cycle ∆f,χNu
K
. There exists an algebraic correspondence from Xr1 to Xr1,r2
mapping the cycle ∆f,χNu
K
to the ∆f,χ (cf. [4, Prop. 4.1.1]). One may thus expect a generic non-triviality of
the cycles ∆f,χ, as χ varies.
Based on Mazur’s consideration in the case of weight two (cf. [32]), an Iwasawa theoretic family of the cycles
arises as follows. We ﬁrst ﬁx a Hecke character η ∈ Σ(2)r1,r2(c,N, ǫ), for some c prime to N . Let ℓ be an odd
prime unramiﬁed in K and prime to cN . Let HcNℓ∞ =
⋃
n≥0HcNℓn be the ring class ﬁeld of conductor cNℓ
∞.
Let K−∞ ⊂ HcNℓ∞ be the anticyclotomic Zℓ-extension of K. Let Gn = Gal(HcNℓn/K) and Γℓ = lim←−Gn. Let
Xℓ be the subgroup of all characters of ﬁnite order of the group Gal(K
−
∞/K) ≃ Zℓ. As ν ∈ Xℓ varies, we
consider non-triviality of the generalised Heegner cycles ∆f,ην .
Conjecture A. Let f ∈ Sr1+2(Γ0(N), ǫ) be a normalised newform for an integer r1 ≥ 0. Let K be an imagi-
nary quadratic ﬁeld satisfying Heegner hypothesis (Hg). For a positive integer b prime to N , let Σ
(2)
r1,r2(b,N, ǫ)
be a set of arithmetic Hecke characters over K satisfying (C1)-(C3) as above. Let η ∈ Σ(2)r1,r2(c,N, ǫ), for some
c prime to N . Let ℓ be an odd prime unramiﬁed in K and prime to cN and Xℓ the set of ﬁnite order Hecke
characters with ℓ-power order as above. Then, for all but ﬁnitely many ν ∈ Xℓ we have
∆f,ην 6= 0
for ∆f,ην a generalised Heegner cycle as above.
We also consider the non-triviality of the generalised Heegner cycles under the étale Abel–Jacobi map.
Let p be an odd prime relatively prime to Nc. Let Mf,e´t (resp. Mχ−1,e´t) be the p-adic étale realisation
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of the motive Mf (resp. Mχ−1). We accordingly have
AJHην ,e´t(∆f,χ) ∈ H1(Hην , ǫX(Mf,e´t ⊗Q Mχ−1)).
Conjecture B. Let f ∈ Sr1+2(Γ0(N), ǫ) be a normalised newform for an integer r1 ≥ 0. LetK be an imaginary
quadratic ﬁeld satisfying Heegner hypothesis (Hg). For a positive integer b prime to N , let Σ
(2)
r1,r2(b,N, ǫ) be
a set of arithmetic Hecke characters over K satisfying (C1)-(C3) as above. Let η ∈ Σ(2)r1,r2(c,N, ǫ), for some
c prime to N . Let ℓ be an odd prime unramiﬁed in K and prime to cN and Xℓ the set of ﬁnite order Hecke
characters with ℓ-power order as above. Let p be an odd prime relatively prime to Nc. Then, for all but
ﬁnitely many ν ∈ Xℓ we have
AJHην ,e´t(∆f,ην) 6= 0
for ∆f,ην a generalised Heegner cycle as above and AJHην ,e´t(·) the étale Abel–Jacobi image.
We ﬁnally consider the non-triviality of the generalised Heegner cycles under the p-adic Abel–Jacobi map.
We ﬁrst recall that the Bloch–Kato subgroup H1f (Hην,v, ǫX(Mf,e´t ⊗Q Mχ−1)) is one-dimensional over Hην,v.
Moreover, under the Bloch–Kato logarithm map the corresponding basis is given by ωf ∧ωjAηr2−jA (cf. §4.2.2).
Conjecture C. Let f ∈ Sr1+2(Γ0(N), ǫ) be a normalised newform for an integer r1 ≥ 0. Let K be an imagi-
nary quadratic ﬁeld satisfying Heegner hypothesis (Hg). For a positive integer b prime to N , let Σ
(2)
r1,r2(b,N, ǫ)
be a set of arithmetic Hecke characters over K satisfying (C1)-(C3) as above. Let η ∈ Σ(2)r1,r2(c,N, ǫ), for some
c prime to N . Let ℓ be an odd prime unramiﬁed in K and prime to cN and Xℓ the set of ﬁnite order Hecke
characters with ℓ-power order as above. Let p be an odd prime relatively prime to Nc. Then, for all but
ﬁnitely many ν ∈ Xℓ we have
AJHην (∆f,ην)(ωf ∧ ωjAηr2−jA ) 6= 0
for ∆f,ην a generalised Heegner cycle as above and AJHην ,e´t(·)(ωf ∧ ωjAηr2−jA ) the p-adic Abel–Jacobi image.
Conjecture C (resp. Conjecture B) evidently implies Conjecture B (resp. Conjecture A).
We remind that Conjecture C is in accordance with the Bloch–Beilinson and the Bloch–Kato conjecture
(cf. (BBK)).
As a reﬁnement of Conjecture C, we can ask for a generic mod p non-vanishing of normalised p-adic Abel–
Jacobi image. We do not precisely formulate the reﬁnement. In this article, we instead describe results towards
the reﬁnement in the case l 6= p and under hypothesis (ord).
4.3. Non-triviality, II. In this subsection, we prove the non-triviality of the p-adic Abel–Jacobi image of
generalised Heegner cycles modulo p (cf. Conjecture C). As the details of our approach are quite similar to
the ones in §4.1, we outline a sketch.
Unless otherwise stated, let the notations and hypotheses be as in §4.2. In particular, p is an odd prime,
N a positive integer with p ∤ N , b a positive integer with (b, pN) = 1 and ℓ a prime such that ℓ ∤ 2pNb. More-
over, K is an imaginary quadratic ﬁeld with p split satisfying the Heegner hypothesis (Hg) with ℓ unramiﬁed,
K−ℓn is the anticyclotomic extension of K with conductor bN · ℓn, Γ−n = Gal(K−ℓn/K) the anticyclotomic Galois
group and Γ−ℓ = lim←−n Γ
−
n and Xℓ the set of ﬁnite order characters of Γℓ.
Further, f is a normalised newform of weight at least 2, level Γ0(N) and η a Hecke character over K with con-
ductor divisible by b and weight of f being dominant such that the Rankin–Selberg convolution corresponding
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to the pair (f, η) is self-dual with root number −1. For ν ∈ Xℓ, the Rankin–Selberg convolution corresponding
to the pair (f, ην) is again self-dual with root number −1 (Lemma 4.4). We consider non-triviality of the
p-adic Abel–Jacobi image of generalised Heegner cycles ∆f,ην as ν ∈ Xℓ varies.
In the residually non-CM case, our result towards a reﬁnement of Conjecture C is the following.
Theorem 4.6. Let p be an odd prime and N a positive integer such that p ∤ N . Let K be an imaginary qua-
dratic field satisfying (ord) and (Hg) with p a prime above p determined via an initial embedding ιp : Q →֒ Cp.
Let f ∈ Sr1+2(Γ0(N), ǫ) be a normalised newform with Tp-eigenvalue ap(f) and η ∈ Σ(2)r1,r2(c,N, ǫ) a Hecke
character of infinity type (r2 + 1− j, 1 + j), for some c prime to N and 0 ≤ j ≤ r2. Suppose that
(1). The residual representation ρf |GK mod mp is absolutely irreducible,
(2). N− is square-free and
(3). p ∤
∏
v|c− |∆η,v| for ∆η,v the finite group η(O×Kv ).
Let ℓ 6= p be an odd prime unramified in K and prime to cN . Let Xℓ be the set of ℓ-power order anticy-
clotomic Hecke characters over K as above. Then, for all but finitely many ν ∈ Xℓ we have
vp
(Ep(f, ηνNuK)
j!
AJHην (∆f,ην)(ωf ∧ ωjAηr−jA )
)
= 0.
Here Ep(f, ηνNuK) = 1− (ηνNuK)−1(p)ap(f) + (ηνNuK)−2(p)ǫ(p)pr2+1.
Proof. In view of [4, Prop. 4.1.2], it suﬃces to restrict to the case r1 = r2 = r.
Let f (p) be the p-depletion of the f as in (4.1). The pair (d−1−j(f (p)), ηN−1−jK ) satisﬁes the hypothesis
(MC) and the toric periods are well deﬁned.
p-adic Waldspurger. For ν factoring through the anticyclotomic quotient Γ−n , the toric period correspond-
ing to the pair (d−1−j(f (p)), η−1νN−1−jK ) is given by
(4.16) Pd−1−j(f(p)),ηN−1−jK
(ν, n) =
Ep(f, ην)
j!
∑
[a]∈Γn
(ην)−1(a)NK(a) · AJF (∆ϕaϕ0)(ωf ∧ ωjAηr−jA ).
This is again p-adic Waldspurger formula due to Bertolini–Darmon–Prasanna ([2, §3]) and the proof is similar
to that of Theorem 4.1.
For the non-triviality of these toric periods modulo p, we again ﬁrst ﬁnd a pair whose toric periods are
congruent modulo p to the periods of interest and such that Theorem 3.1 can be applied to the new pair.
Congruence. We consider a pair (dm(p−2)p−j(f), ηN
m(p−2)p−j
K ) for m is a positive integer such that
p− 1 | m(p− 2)p+ 1, k + 2m(p− 2)p− 2j ≥ 2.
As in the proof of Theorem 4.3, we have the congruence
(4.17) P
dm(p−2)p−j(f),ηN
m(p−2)p−j
K
(φ, n) ≡ Pd−1−j(f(p)),ηN−1−j
K
(φ, n)mod mp.
The non-triviality hypothesis (H) can be veriﬁed for the pair in an analogous manner as in the proof of
Theorem 4.3. We refer to the appendix (cf. Proposition A.4) for details

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Remark. (1). In view of [4, §2.3], it follows that the generalised Heegner cycles are non-trivial in the top graded
piece of the coniveau ﬁltration on the middle-codimensional Chow group of Xr1,r2 over the Zl-anticyclotomic
extension of K. The non-triviality is thus an evidence for the reﬁned Bloch–Beilinson conjecture (cf. [4, §2]).
(2). In [26], Howard proved a weak version of analogous non-triviality of the étale Abel–Jacobi image of
classical Heegner cycles for inﬁnitely many ν ∈ Xℓ (cf. Conjecture B). Howard’s approach is a cohomological
adoption of Cornut’s approach (cf. [15]). The approach does not seem relevant for the p-adic Abel–Jacobi
image as above.
(3). It seems likely that the above approach would also work for the case when f has CM over K.
5. p-indivisibility of Heegner points
In this section, we prove the p-indivisibility of the Heegner points over the Zl-anticyclotomic extension of K
when the underlying weight two Hecke-eigen cuspform is p-ordinary. This is based on Theorem 4.3.
Let the notation and hypotheses be as in the introduction. In particular, p is an odd prime, N a posi-
tive integer with p ∤ N , b a positive integer with (b, pN) = 1 and ℓ a prime such that ℓ ∤ 2pNb. Moreover, K
is an imaginary quadratic ﬁeld with p split satisfying the Heegner hypothesis (Hg), K−ℓn is the anticyclotomic
extension of K with conductor bN · ℓn, Γ−n = Gal(K−ℓn/K) the anticyclotomic Galois group and Γ−ℓ = lim←−n Γ
−
n .
Further, p denotes a prime above p in K induced by the p-adic embedding ιp. Let pn be a prime above p in
KbNln induced by ιp. Let Kn/Qp denote the p-adic local ﬁeld KbNℓn,pn and On the integer ring. By deﬁnition,
Kn/Qp is an unramiﬁed extension.
Recall f ∈ S2(Γ0(N), ǫ) is a weight two Hecke-eigen cuspform with Tp-eigenvalue ap(f) and Bf an abelian
variety associated to f . We suppose that f is p-ordinary.
Our result regarding the p-indivisibility of the Heegner points is as follows.
Theorem 5.1. Let p be an odd prime and N a positive integer such that p ∤ N . Let K be an imaginary qua-
dratic field satisfying (ord) and (Hg) with p a prime above p determined via an initial embedding ιp : Q →֒ Cp.
Let f ∈ S2(Γ0(N), ǫ) be a p-ordinary normalised newform with Tp-eigenvalue ap(f), Bf a corresponding p-
optimal abelian variety and c a positive integer prime to pN . Suppose that
(1). The residual representation ρf |GK mod mp is absolutely irreducible and
(2). N− is square-free.
Let ℓ 6= p be an odd prime unramified in K and prime to cN . Then, there exists a positive integer n0
such that for all integers n ≥ n0, the Heegner points Φf (∆cℓn) are p-indivisible in the Mordell–Weil group
Bf (Kn).
Proof. As f is p-ordinary Hecke-eigen cuspform, the corresponding abelian variety Bf is p-ordinary and
extends as an abelian scheme over On. It follows that for a non-torsion P ∈ Bf (Kn), we have
vp(logωBf
(P )) ≥ 1.
In view of Theorem 4.3, there exists an integer n0 such that for all integers n ≥ n0, the Heegner points
Φf (∆cℓn) are non-torsion. This concludes the proof.

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Remark. (1). In [20], arithmetic applications of the p-indivisibility of the Heegner point deﬁned over the
imaginary quadratic extension K are considered under diﬀerent hypothesis including the prime ℓ being inert
in K. It seems likely that Theorem 5.1 also has similar arithmetic applications.
(2). A version of Theorem 5.1 holds for a pair (f, χ) as in Theorem 4.3. We restrict to the above ver-
sion for simplicity.
Appendix A. Toric modular forms
In this appendix, we describe toric modular forms closely following the exposition in [28]. Toric forms consti-
tute a key automorphic ingredient in the non-triviality of toric periods (cf. Hypothesis (H)).
In the appendix, we mainly follow automorphic normalisations.
A.1. Setup. In this subsection, we describe the basic setup.
We begin with a few underlying notions. For a non-archimedean local ﬁeld F , let µ, ν : F× → C× be two
characters of F×. Let I(µ, ν) be the space consisting of smooth and GL2(OF )-ﬁnite functions f : GL2(F )→ C
such that
f(
(
a b
0 d
)
g) = µ(a)ν(d)
∣∣∣a
d
∣∣∣ 12 f(g).
I(µ, ν) turns out to be an admissible representation of GL2(F ). Let π(µ, ν) be the unique inﬁnite dimen-
sional subquotient of I(µ, ν). We call π(µ, ν) a principal series if µν−1 6= |·|± and a special representation if
µν−1 = |·|±.
For a local ﬁeld F , let π be an irreducible admissible representation of GL2(F ) and ψ : F → C× a non-trivial
additive character. Let W(π, ψ) be the Whittaker model of π given by the subspace of smooth functions
W : GL2(F )→ C such that
(1) W (
(
1 x
0 1
)
g) = ψ(x)W (g) for all x ∈ F .
(2) If v is archimedean, W (
(
a
1
)
) = O(|a|M ) for some positive number M .
(cf. [29, Thm. 6.3]).
We now turn towards the setup. Let the notation and hypothesis be as in §4.2.3. In particular, (f, χ) is
a pair of an elliptic newform with conductor N neben-type ǫ and a Hecke character over imaginary quadratic
ﬁeld K Let π be the cuspidal automorphic representation of GL2(A) generated by the Hecke eigenform f .
For a place v of Q, let πv be the corresponding representation of GL2(Qv). For v ∤ N , let W
◦
v be the new
Whittaker function ([28, §3.6]).
As in the proof of Theorem 4.3, we suppose r1 = r2 = r for r ≥ 0. In particular, f is with weight r + 2
and χ with inﬁnity type (r + 1− j, 1 + j) for some 0 ≤ j ≤ r.
Let Cχ (resp. Nǫ) be the conductor of χ (resp. ǫ) and cχ = Cχ ∩ Q. For the conductor N of the new-
form f , we have N = N+N− with N+ precisely divisible by split primes in the extension K/Q as before. We
further decompose N− = N−s N
−
r with N
−
r precisely divisible by prime factors of Nǫ.
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As before, let h denote the set of ﬁnite places of Q. For v ∈ h, let
(A.1)
cv(χ) = inf
{
n ∈ Z≥0 | χ = 1 on (1 +̟nOK)×
}
,
mv(χ, π) =cv(χ)− v(N−).
Here ̟ denotes a uniformiser at v. We note that cv(χ) = v(cχ). Let
A(χ) = {v ∈ h | Kv is a ﬁeld, πv is special and cv(χ) = 0}
and
B(χ) = {v ∈ h | v is non-split in K with cv(χ) > 0} .
For v ∈ B(χ), say πv = π(µ, ν) with unramiﬁed µ and µν−1(̟) 6= |̟|−1 if πv is unramiﬁed or special. In
regards to Whittaker coeﬃcients at ramiﬁed primes, we introduce the following.
Definition A.1. For v ∈ B(χ), let Ψv : K×v → C× be a character given by
(A.2) Ψv(t) := µ(Nv(t)) · χ|·|
1
2
Kv
(t)
for Nv : K
×
v → Q×v the norm.
Let µp(Ψv) be a local invariant given by
(A.3) µp(Ψv) := inf
x∈K×v
vp(Ψv(x) − 1).
Let T ⊂ A×K be the subgroup consisting of ideles z = (zv) ∈
∏
vK
×
v with zv/zv ∈ O×Kv for the primes v split
in K. Let ρ : A×K →֒ GL2(A) be a torus embedding and ς ∈ GL2(A(ℓp)K ) as in §3. For a ∈ (A(ℓp)K )×, let
ρς(a) = ς
−1ρ(a)ς.
Definition A.2 (Toric modular forms). We say that a nearly holomorphic form fχ ∈ π is toric of character
χ if
fχ|ρς(t) = χ−1(t) · fχ for all t ∈ Tv.
Remark. The notion is partly motivated by Waldspurger formula. Let (π, χ) be a pair of cuspidal automor-
phic representation of GL2(A) and a Hecke character over K such that the corresponding Rankin–Selberg
convolution π × χ is self-dual with root number 1. Then, the central L-value L(12 , π × χ) is non-vanishing if
and only if the period of a toric modular form against χ over K is non-vanishing (cf. [45]).
A.2. Fourier expansion. In this subsection, we consider the Fourier expansion of toric modular forms.
Let the notation and hypothesis be as in §A.1. To begin with, we have the following regarding toric modular
forms.
Proposition A.3. Let p be an odd prime and N a positive integer such that p ∤ N . Let K be an imaginary
quadratic field satisfying (ord) and (Hg) with p a prime above p determined via an initial embedding ιp : Q →֒
Cp. Let f ∈ Sk(Γ0(N), ǫ) be a normalised newform with Tp-eigenvalue ap(f) for k = r + 2 with r ≥ 0 and
χ ∈ Σ(2)r,r (c,N, ǫ) a Hecke character with infinity type (r + 1− j, 1 + j), for some c prime to N and 0 ≤ j ≤ r.
Let N = N+N− for N− precisely divisible by inert or ramified primes in the extension K/Q and suppose that
N− is square-free.
Then, the following holds.
(i). There exists a normalised toric modular form f∗χ ∈ π satisfying the condition (MC) (cf. §3). Let c be
a prime-to-p ideal of Q and let c ∈ (A(p)K,f )× such that ilQ(c) = c. Then the Fourier expansion of f∗χ
at the cusp (Z, c) is given by
f∗χ|(Z,c)(q) =
∑
β
aβ(f
∗
χ, c)q
β ,
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where
aβ(f
∗
χ, c) = β
k/2+j ·
∏
v∈h,v 6=p
a∗χ,v(βvc
−1
v ) · χp(β−1)IZ×
(p)
(β)
for local Whittaker coefficients a∗χ,v : Q
×
v → C. Moreover,
f∗χ ∈ Njk+2j(Kn1 ,O)
for a non-negative integer n and O specified below.
(ii). Let O be the finite extension of OEf generated by
{
a∗χ,v(1)
}
v∈B(χ)
and the values of p-adic avatar χ̂.
Then, the following holds.
(1) The local Fourier coefficients a∗χ,v take value in O for each finite place v ∤ p.
(2) If either v 6∈ B(χ) is unramified or v ∈ A(χ), then a∗χ,v(1) = 1. In the unramified case,
a∗χ,v(̟) = W
0
v (
(
̟
1
)
)
for W 0v the new Whittaker function such that W
0
v (1) = 1.
(3) If v ∤ N is ramified with cv(χ) = 0, then a
∗
χ,v(̟
−1) = 1,
(4) If v ∈ B(χ), then µp(Ψv) = 0 (cf. Definition A.1) if and only if there exists ηv ∈ Q×v such that
a∗χ,v(ηv) 6≡ 0 (mod mp).
For part (i) (resp. part (ii)), we refer to [28, Lem. 3.2 and Lem. 3.17] (resp. [28, Prop. 3.15]).
Remark. The hypothesis N− being square-free plays a key role in part (ii)(4).
We have the following key non-triviality of the Fourier coeﬃcients of the toric modular form.
Proposition A.4. Let (f, χ) be as above. Let f∗χ be the normalised toric modular form as in Proposition A.3.
Suppose that the residual Galois representation
ρf |GK (mod mp) is absolutely irreducible,
Then, f∗χ satisfies the non-triviality hypothesis (H) (cf. §3) if and only if
µp(Ψ) :=
∑
v|c−χ
µp(Ψv) = 0
(cf. Definition A.1.).
Proof. We describe sketch of the argument in [28, §6].
As f∗χ is toric, we have
(f∗χ)
R = |∆alg| · f∗χ
by deﬁnition ([27, Lem. 6.1]). Recall that |∆alg | is a power of two.
From the formula of aβ(f
∗
χ, c(a)) in Proposition A.3, we note
µp(Ψ) > 0 for some v|c−χ ⇒ aβ(f∗χ, c(a)) ≡ 0 (mod mp) for all a ∈ A×f .
Conversely, suppose that µp(Ψv) = 0 for all v|c−χ and that the non-triviality hypothesis (H) does not hold. For
a ∈ A(pN)K,f , Proposition A.3 readily implies
aβ(f
∗
χ, c(a)) ≡ 0 (mod mp) for all β ∈ Q>0
⇐⇒ a(p)χ (βc−1N(a−1)) ≡ 0 (mod mp) for all β ∈ Z×(p)
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where N : A×K → A× the norm map. Here the global prime-to-p Fourier coeﬃcient a(p)χ : (A(p)f )× → C is
given by
(A.4) a
(p)
χ (a) :=
∏
v∈h,v∤p
a∗χ,v(av).
As a function on (A
(p)
f )
×, we thus have
(A.5)
a(p)χ (a) ≡ 0 (mod mp) for all
a ∈ Z×(p)c−1 det(U(N))N((A
(pN)
K,f )
×) = Q×c−1N((A
(p)
K,f )
×)
with U(N) the underlying level.
From part (ii) of Proposition A.3, there exists η = (ηv) ∈
∏
v|c−χ
Q×v such that a
∗
χ,v(ηv) 6≡ 0 (mod mp) for
each v|c−χ . We now extend η to be the idele in A×f such that ηv = 1 at v ∤ c−χ . In view of (A.5) and the
factorization formula of a
(p)
χ (cf. (A.4)), we thus have
(A.6)
a(p)χ (η̟v) ≡ 0 (mod mp) ⇐⇒ W 0v (
(
̟v
1
)
) ≡ 0 (mod mp) whenever
̟v ∈ [η−1c−1] := Q×η−1c−1N((A(p)K,f )×).
Here v ∤ pN and also v /∈ B(χ).
New local Whittaker coeﬃcients are related to the underlying Galois representation ρf as follows. From
local-global compatibility, we have
Tr ρf (Frobv) = ǫ(̟v)
−1 |̟v|−k/2W 0v (
(
̟v
1
)
) for all v ∤ pN.
Let recK/Q : A
×
K → Gal(K/Q) be the surjection induced via the reciprocity law. In view of (A.6), the above
equality thus leads to
Tr ρf(Frobv) ≡ 0 (mod mp) whenever
Frobv|K = recK/Q(̟v) = recK/Q(η−1c−1).
We thus note that recK/Q(η
−1c−1) is the complex conjugation c. In view of [28, Lem. 6.2], it thus follows
that the Galois representation ρf mod mp is reducible. This contradiction ﬁnishes the proof.

Remark. The vanishing of µp(Ψ) is implied by the hypotheses (3) in Theorem A.
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